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Abstract. Implicit finite element simulations of sheet forming processes do not always converge, particularly for 
complex tool geometries and rapidly changing contact. The SHEET-3 program exhibits remarkable stability and strong 
convergence by use of its special N-CFS algorithm and a sheet normal defined by the mesh, but these features alone do 
not always guarantee convergence and accuracy. An improved contact capability within the N-CFS algorithm is 
formulated taking into account sheet thickness within the framework of shell elements. Two imaginary surfaces offset 
from the mid-plane of shell elements are implemented along the mesh normal direction. An efficient contact searching 
algorithm based on the mesh-patch tool description is formulated along the mesh normal direction. The contact search 
includes a general global searching procedure and a new local searching procedure enforcing the contact condition along 
the mesh normal direction. The processes of unconstrained cylindrical bending and drawing through a drawbead are 
simulated to verify the accuracy and convergence of the improved contact algorithm. 

Keywords: Sheet Forming; Implicit FM Method; N-CFS; Mesh Normal; Contact Distance Error; Contact Searching. 

INTRODUCTION 

In recent decades, sheet forming simulation has 
been a significant research field. Because of complex 
tool geometries, large relative movements and rapidly 
changing contact state, sheet forming simulation 
remains as an extremely challenging obstacle in 
industrial applications. Many finite element codes 
have been developed for sheet forming simulation. 
These codes are mainly classified as dynamic explicit 
(DE) or static implicit (SI). The DE codes can easily 
handle rapidly varying and highly nonlinear contact 
conditions and usually are not subject to the 
divergence problem, but they can be conditionally 
stable and are unsuitable for springback simulations 
[1]. Though the SI codes may have convergence 
problems, they are unconditionally stable and offer 
more reliability for springback simulations [2]. 

To robustly and stably simulate sheet forming, the 
choice of a reliable contact algorithm is critical. The 
contact algorithms are categorized as Lagrange 
multiplier, penalty-function, direct node projection, or 
augmented Lagrangian algorithms. The Lagrange 
multiplier algorithms introduce Lagrange multipliers, 
which add to the dimension of the global stiff matrix 

and may result in rigid body modes[3]. The accuracy 
of the penalty-function algorithms is severely 
dependent on the penalty parameter [4], and an 
unqualified penalty parameter usually results in ill-
conditioning [3]. The direct node projection 
algorithms are often numerically unstable [5], 
especially for incompressible or nearly-incompressible 
problems [6]. The augmented Lagrangian algorithms 
can provide significant advantages over the Lagrange 
multiplier and the penalty algorithms [7] and lead to 
good conditioning [8]. 

The choice of tool description scheme and 
corresponding contact searching algorithm is also 
crucial for convergence and accuracy. Tool surfaces 
are usually described by analytical functions, 
triangular jewels, parametric patches, or typical mesh 
patches. Analytical-function description uses well 
defined mathematical functions. It can describe 
simple tools but has difficulty describing complicated 
tools. The triangular-jewel description depicts tool 
surfaces with triangular jewels based on equal-spaced 
control points. It has an advantage in that the contact 
searching along Z-axis direction is almost negligible. 
The fatal drawback of triangular-jewel description is 
the requirement of bulky memory for storing points, 
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especially for tool surfaces with vertical parts. 
Parametric-patch description has difficulties in 
describing complex tools with many untrimmed and 
small surfaces [9] and requires complex contact 
searching and long computation time [10]. Mesh-patch 
description, by contrast, can easily and adequately 
describe arbitrarily complex tool surfaces with simple 
linear FE meshes and can provide simple geometry 
which has been used to organize an efficient contact 
search algorithm[9, 10]. 

As a special kind of augmented Lagrangian 
algorithm, N-CFS can overcome instability and 
divergence in deep drawing simulation [11, 12]. The 
mesh normal of each node is derived from neighboring 
elements [13] and the derivatives of tool surfaces are 
not required, so N-CFS is especially advantageous for 
the tool surfaces described by piecewise patches. 
However, the contact distance error defined in N-CFS 
neglects sheet thickness for shell elements. Moreover, 
previous implementations in SHEET-3 incorporated 
only analytical-function and triangular-jewel tool 
descriptions limiting the application to complex parts. 

In this paper, an improvement of the N-CFS 
algorithm incorporating finite sheet thickness for shell 
elements is introduced, and an advanced contact 
searching algorithm based on mesh-patch tools is 
presented. Mesh-patch tool descriptions are 
incorporated and the mesh normal formulation is 
retained. For verification, the processes of 
unconstrained cylindrical bending and drawing 
through a drawbead are simulated and discussed. 

A C C O U N T I N G F O R SHELL 
THICKNESS 

The basic equilibrium equation is expressed as 

F I(Au)-FE(Au,P) = 0 (1) 

where n and t are the mesh normal and tangential unit 
vectors, and u is the friction coefficient. 

The geometrically impenetrable constraint is set 
based on the contact distance error DN along the mesh 
normal direction between the sheet and tools, as 

DN(Au) = 0 (4) 

The full set of governing equations, including the 
equilibrium equation Eq. (1) and the impenetrable 
constraint Eq. (4), are expressed as follows: 

F,(Au)-FE(Au,P) 

DN (Au) 
(5) 

which is iteratively solved using a Newton-Raphson 
procedure and a Taylor series expansion to give 

5FT 5FC 

3Au 3Au 

3Au 

8*E_ 

dP 

0 

SAu 

SP 
F E -F , 

-DN 
(6) 

In the N-CFS algorithm [11], the contact distance 
error DN is introduced as follows: 

D, (7) 

where a is either +1 or -1, so that DN>0 represents a 
non-penetrating node, and DN<0 a penetrating node. 
Because the nodes for shell elements are defined at the 
sheet mid-plane, Eq. (7) simulates the mid-plane 
contact tools and ignores the sheet thickness. 

To consider sheet thickness for shell elements, the 
improved N-CFS defines a new contact error DN at a 
punch point xp or a die point xd as 

where Fi and FE are the internal and external forces, 
Au is the incremental virtual displacement, and P is 
the contact pressure. FT is calculated by the 
incremental internal work AWi and expressed by 

F I = &iv=r 
J Au J 

V Z A U V 

5AE 
o : dv 

3Au 
(2) 

where o and AE are Cauchy stress tensor and 
incremental strain tensor, respectively. By virtue of a 
modified Coulomb friction law with a smoothing 
factor <j> [5, 14], FE is expressed by 

D , D , (8) 

tz 

\ Die 

• - Vs. 

; * x p \ ^ 

P u n c h \ N ^ Shell mid-plane 

X 

F E = P ( n + ^ ) (3) 
FIGURE 1. Top and bottom imaginary surfaces obtained by 
offsetting sheet mid-plane along mesh normal direction. 
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Note that DN is still defined on the node x. And x and 
xp are the coordinates of the points on the top and 
bottom imaginary contact surfaces, generated by 
offsetting the mid-plane of the sheet along the mesh 
normal direction one-half of the sheet thickness, /, as 
illustrated in Fig. 1. They are calculated by 

+ m/2 -m/2 (9) 

where / employs the updated sheet thickness, tu. 
The improved N-CFS differs not only by the 

different contact error, but also by the derivatives of 
external force and contact error, d¥E/dAP and 
3DN/3Au in Eq. (6). These derivatives are directly 
expressed with the first and second derivatives of sheet 
mesh surface Zx, Zy, Zm Z^, and Zw [11]. Zx and Z^ 
are examined at the punch contact points of a plane 
strain problem, as shown in Fig. 2. When the sheet 
thickness is considered and the bottom surface of the 
sheet is assumed to contact the punch, Zx and Z^ are 
different from those neglecting sheet thickness. 

If the dot product r (= n • m ) is equal to zero, / and 
j are parallel, and j is not the target segment. 
Otherwise, the intersection of the segment j and the 
line /, k(\), will be calculated by 

m ( x - x A ) = 0 

x = x0 +tn 
(10) 

which can subsequently give 

m - ( X 0 " X A ) o - A , . . . . . , m . ( x A - x 0 ) n ( n ) 

n-m n-m 

where x is the coordinate of the intersection point k. 
The vector VAk is decomposed with two bases VAB 

and VB& as shown in Fig. 3(b) as 

-pVAB+qVt AB T f "BC (12) 

which can also be written in a matrix form as 

ADVANCED CONTACT SEARCHING 

Use of a non-uniform mesh to describe tools has 
many advantages, but there is a penalty in contact 
searching as compared with a uniform mesh. A 
contact searching algorithm was formulated consisting 
of general global searching and local searching. 
Global searching is to quickly but approximately find a 
set of candidate mesh patches. Local searching is to 
find the unique target segment from the set of 
candidate mesh patches obtained by global searching. 

Consider an arbitrary node z(x) with a line / along 

a direction n and an arbitrary triangular segment/ with 
an outer normal m, as illustrated in Fig.3(a). 

X - f l j 

y-a2 

z-a3 

= 

by - f l j 

b2 -a2 

b3 -a3 

ci ~bi 

c2 -b2 
P 

q 
(13) 

Eq. (13) is solved by the following procedures: 

(1) if (by -ax)(c2 -b2)-(b2 -a2)(c1 -bx) ^ 0, 

p 

q 

\ 
b2 

- O j 

- a2 

ci 

c2 

~\ 
-b2 

x-a, 

y-a2 

(14) 

(2) if (b2 -a2)(c3 -b3)-(b3 -a3)(c2 -b2)^0 , 

°te>B zxx 
" « . (neglecting 

t*%/ thickness) 
\ Zx . 

Zxx TV. (neglecting 
(considering \ \ VHthickness)_ 
thickness' 

Zx 
(considering 
thickness) " 

Considering thickness 

leglecting thickness 
! f 

FIGURE 2. The first and second derivatives of sheet 
mesh surface Zx and Z ra at contact points, when considering 
thickness and neglecting thickness. 

p 

q 

b2 

h 
-a2 

— a3 

c2 

C 3 

-b2 

-h 
y-a2 

z - a3 
(15) 

(a) (b) 
FIGURE 3. Local searching: (a) intersection between node i 
and segment/, (b) the position of k relative to segment/. 
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(3)if ( 6 3 - a 3 ) ( c 1 - 6 1 ) - ( 6 1 - a 1 ) ( c 3 - 6 3 ) ^ 0 , 

3 - 6 3 z — a-, (16) 

If 0<q<p<l, point k is located inside the segment j 
andj is the target segment. 

NUMERICAL EXAMPLES 

In the following examples, aluminum alloy 6111-
T4 sheet material is applied assuming the following 
material properties: Young's Modulus, E == 70.5 GPa; 
Poisson's ratio, v == 0.342 ; Plastic anisotropy 

: 0.894 = 0.611 = 0.660 parameters, 

Hardening curve, a = 550 A(s + 0.0093)°223 MPa. 

The rolling direction (RD) of the sheet is longitudinal. 
Hill's 48 anisotropic yield function[15] is adopted. 

Unconstrained Cylindrical Bending 

Unconstrained cylindrical bending, a benchmark 
test problem in NUMISHEET2002 [16] which exhibits 
rapid contact change, is chosen to evaluate the 
accuracy and robustness of the developed contact 
algorithms. The schematic of tools is shown in Fig.4. 
NUMISHEET2002 provided a friction coefficient of 
0.1348. The experimental data of participant BE-01 
[16] are compared with the simulations. 

For comparison, the cases with constant thickness 
t= t0 and the cases with the offset tools obtained by 
offsetting tools along the tool normal direction one-
half of sheet thickness tQ are simulated. The punch 
force with respect to the punch displacement is shown 
in Fig. 5. The punch displacement is defined relative to 
a starting condition where the sheet just makes contact 
with the tools on both surfaces. All the predicted 
results agree well with the experiment at lower punch 
displacements. At larger punch displacements, the 
importance of the modification to incorporate sheet 
thickness in N-CFS contact algorithm is clear. The 
simulations neglecting thickness greatly underestimate 

Unit: mm 
Sheet length: 120 
Sheet width: 30 
Sheet thickness: 1 

Punch 
Sheet 

/ 
FIGURE 4. Schematic of unconstrained cylindrical bending 

the punch forces, as compared with experimental 
results, with a relative error up to 28% at the highest 
punch displacement. By contrast, the simulations 
considering thickness agree very well with the 
experiment, with a relative error of only 3%. For the 
unconstrained cylindrical bending problem, there was 
no significant difference between using updated or 
constant sheet thickness and offset tools. Because the 
problem is bending-dominated, the thickness changes 
are very small. There is also no difference between an 
analytical-function tool description and the mesh-patch 
tool description. 

The formed angles after forming are compared in 
Table 1. Note that the predicted angles of the 
simulations using zero thickness are larger than the 
experimental results, with a relative error up to 50%. 
The predicted angles of the simulations considering 
thickness are similar to the experiment, with relative 
errors within 3%. The simulations using updated 
thickness and constant thickness get the same results 
for this bending-dominated test. For both analytical-
function description and mesh-patch description, the 
simulations using offset tools predict similar formed 
angles with those using updated thickness or constant 
thickness, and the relative errors are limited to 0.05%. 
The mesh-patch and analytical-function descriptions 
yield similar formed angles for all the cases, with 
differences from 0.16% to 0.44%. 

The ability of the mesh-patch tool description to 
get results similar to those from the analytical-function 
description has been shown; now the efficiency of 
these two tool descriptions is compared. The total 
number of equilibrium iterations, which determines the 
total CPU for implicit methods, is compared. As 

t=to or t=tu or offset tools 

> . ' - ^ 

10 15 20 

Punch displacement (mm) 

FIGURE 5. Punch force vs. punch displacement. Curves 
are indistinguishable for analytical-function tool description 
and mesh-patch tool description. 
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TABLE 1. Influence of thickness on formed angles. 
Thickness t=0 

Analytical-function tool description 31.50° 

Mesh-patch tool description 31.55° 

Experiment 

TABLE 2. Comparison of equilibrium iterations. 

Thickness t=0 

Analytical-function tool description 1914 

Mesh-patch tool description 1991 

t=t„ 

20.36° 

20.43° 

t=t„ 

2447 

1924 

t=t„ 

20.36° 

20.43° 

21.10° 

t=t„ 

2114 

1995 

Offset tools 

20.35° 

20.44° 

Offset tools 

2269 

2059 

shown in Table 2, the mesh-patch tool description 
needs 4% more equilibrium iterations than the 
analytical-function description for the simulations 
using zero thickness, but it needs fewer equilibrium 
iterations when considering sheet thickness, especially 
for the case using updated thickness, the analytical-
function description uses 27% more equilibrium 
iterations than the mesh-patch tool description does. 
There is no consistent difference in the total number of 
iterations required by the two tool descriptions. 

Drawing through a Drawbead 

The schematic of drawing through a drawbead is 
shown in Fig.6. The width of the sheet, 2.0mm, is 
represented by two shell element of 1mm width and is 
held constant (plane strain). Only the mesh-patch tool 
description is applied. First, in the clamping process, 
the male drawbead moves to a fixed location, with a 
corresponding drawbead interference defined relative 
to an initial state where the sheet just makes contact on 
both surfaces with the tools, and clamps the sheet into 
the female drawbead, using free boundary condition 
on the left edge and fixed boundary condition on the 
right edge of the sheet. Next, in the drawing process, 
the male and female drawbeads remain motionless and 

Unit mm 
Sheet thickness: 1.2 
Sheet width: 2.0 
Friction coefficient 0.2 

1|3, 

kJ 
frictionless 

hold-on device 

KJJ_ 
Iv? ^ 

-0.1 

frictionless 
hold-on device 

100 30 

FIGURE 6. Schematic of drawing through a drawbead. 

the blank is pulled to the right at constant velocity of 
lmm/s up to a drawing displacement of 45mm. 

The simulated results of both clamping force and 
drawing force reach steady states when the draw 
distance exceeds 30mm. The averages and standard 
deviations of steady state clamping force and drawing 
force, at a drawbead interference of 12 mm, are listed 
in the Table 3. The standard deviations are smaller 
than 1.3% of the corresponding average. 

To study the influence of sheet thickness and sheet 
thinning on drawing process through a drawbead, five 
drawbead interferences are simulated. The steady 
state clamping forces and drawing forces are plotted in 
Fig.7. At lower drawbead interference, because the 
adjustment of tools for neglecting thickness increases 
the punch position corresponding to the die and 
counteracts the influence of sheet thickness, the 
simulation using zero thickness predicts larger 
drawing forces than the simulation using updated 
thickness. With the increase of the drawbead 
interference, the importance of thickness becomes 
more significant. The simulation using zero thickness, 
at a drawbead interference of 12 mm, produces 
clamping forces up to 10% lower than those for finite 
updated thickness, and drawing forces up to 4% lower. 
The differences between finite updated sheet thickness 
and constant sheet thickness are about 1% for 
clamping force and about 2% for drawing force. 

TABLE 3. Clamping forces and drawing forces at steady 
state at a drawbead interference of 12 mm for a 2mm-
width blank. 
Thickness 

t=0 

t=tu 

t=to 

Clamping force 
(N) 

373.6 ±4.9 

414.5 ±5.2 

419.5±2.9 

Drawing force 
(N) 

487.8 ±4.3 

507.8 ±5.9 

516.1 ±3.7 
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550 REFERENCES 

7 8 9 10 11 12 13 

Drawbead interference (mm) 

FIGURE 7. Clamping forces and drawing forces at steady 
states for various drawbead interferences. 

CONCLUSIONS 

An improved contact algorithm has been 
formulated, implemented and tested. It incorporates 
finite sheet thickness for contact with shell elements 
and makes use of mesh-patch tools with a two-stage 
contact search. Simulation results for two typical 
forming operations with and without the 
improvements were compared with experiments, with 
the following conclusions reached: 

(1) Neglecting sheet thickness in cylinder bending 
produced errors of up to 28% in punch force and 50% 
in final formed angle. These were reduced to less than 
3 % when sheet thickness was accounted for. 

(2) Neglecting sheet thickness in drawbead 
simulations produces clamping forces up to 10% lower 
than those for finite thickness, and drawing forces 4% 
lower. The differences in clamping forces and 
drawing forces between simulations with constant 
sheet thickness and updated sheet thickness are about 
1% and 2%, respectively. 

(3) No significant differences were obtained 
between simulation results using analytical-function 
tools and mesh-patch tools. 

(4) The new contact algorithm achieves better 
accuracy with no penalty in computational efficiency. 
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